We give explicit numerical values with 100 decimal digits for the constant in the Mertens product over primes in the arithmetic progressions a mod q, for q ∈ {3, . . . , 100} and (a, q) = 1.
Introduction
In our recent paper [5] we found a new expression for the constant C(q, a) defined implicitly by P(x; q, a) = ∏ p≤x p≡a mod q
as x → +∞, where, here and throughout the present paper, q ≥ 3 and a are fixed integers with (a, q) = 1, and p denotes a prime number. When q ∈ {1, 2} the value of C(q, a) can be deduced from the classical Mertens Theorem. In particular, we proved that
where α(p; q, a) = ϕ(q) − 1 if p ≡ a mod q and α(p; q, a) = −1 otherwise, and γ is the Euler constant. The infinite product is convergent, though not absolutely, by the Prime Number Theorem for Arithmetic Progressions. In our paper [6] we proved that the constants C(q, a) satisfy some interesting identities but, unfortunately, these are not suitable for numerical computations. Here we derive further identities, involving Dirichlet L-functions, that enable us to compute numerically the values of C(q, a) with many digits for comparatively small q. Details of these identities are given in §2, and the results of our numerical computations are collected in §3: some sample values, truncated to 40 decimal digits, are shown in Tables 1-3 . Finch [4] has done some numerical work in the case q ∈ {3, 4}.
We would like to express our warmest thanks to Henry Cohen for an illuminating discussion.
Theoretical framework
In this section we concentrate on the numerical computation of the values of the constant C(q, a) for comparatively small values of q, starting from our formula (2) , and give the theoretical framework for the results in §3. We adhere to the notations in the books by Henri Cohen [1, 2] .
We will use the following convention: for any real positive constant A and for any Dirichlet L function, we write
, and do similarly for other Euler products. We want to compute
Notice that the last sum over p is ∼ χ(2)2 −m when m is large. We compute the sum over p by Möbius inversion; let A be a fixed positive constant: then
(3) Grouping the terms with the same value of km, we see that the last part is
Notice that the Riemann zeta function is never computed at s = 1 in (3), since km = 1 implies k = 1, and this in its turn implies
This inequality is a consequence of the following Lemma. We remark that a stronger result is valid for small n, but the simple bound below suffices for our application.
Lemma 1 Let χ mod q be any character and n ≥ 2 be an integer. If B ≥ 1 is an integer then
Proof. By the triangle inequality
as required. We have thus reduced the task of the computation of log(C(q, a)) to computing log L Aq (χ k , n) to 100 decimal places, say. In what follows we denote by χ a generic Dirichlet character mod q and by n ≥ 1 an integer.
First step We write
for a convenient value of A.
Second step: reduction to primitive characters Assume now that χ mod q is induced by χ f mod f , where f is the conductor of χ. Then we have the identity
In particular, we recall that if χ = χ 0 mod q then
Third step: first case Now assume that χ is a primitive character modulo f and that χ(−1) = (−1) n . Then, by Proposition 10.2.4 of Cohen [2] we have the explicit formula
where W (χ) denotes the root number of χ (see Definition 2.2.25 in [1] ), e = 0 if χ is even and e = 1 if χ is odd, and B n (χ) denotes the χ-Bernoulli number which, in its turn, is defined by means of the n-th Bernoulli polynomial B n (x) (see [2] , Definition 9.1.1), as follows
This definition is valid both for primitive and imprimitive characters. This is the last identity of Proposition 9.4.5 in Cohen [2] .
Third step: second case If χ is non-principal and χ(−1) = (−1) n+1 , there are two possibilities.
• Use the χ-Euler-MacLaurin summation formula (the number of steps is proportional to q, but all terms are elementary); see Cohen [2] , Corollary 9.4.18;
• Use the functional equation, which is valid if χ is primitive: this would take a smaller number of steps, of the order ≍ √ q log q, but it needs the computation of the incomplete Γ function.
For q small, we use the Euler-MacLaurin summation formula. When computing L(χ, n) with n large, the functional equation does not take into account the fact that L(χ, n) = 1 + χ(2)2 −n + very much smaller terms.
When using the Euler-MacLaurin formula we take a multiple N of q and for ℜ(s) > 1 write
where
and χ − (n) = χ(−n); see the Definitions 9.4.2 and 9.4.10 in [2] . The asymptotic series above is not convergent: we take terms until R(T ) reaches a small minimum, before it starts growing again.
Notice that B 0 (χ) = 0 in (6) for non-principal χ by Proposition 9.4.5 of Cohen [2] and the remarks following it immediately. This is indeed crucial for the rapidity of convergence.
When
Computation of the root number If χ is a primitive character modulo q, then the root number W (χ) is defined by means of
√ qi e where χ(−1) = (−1) e and e ∈ {0, 1}, and τ(χ) = ∑ q r=1 χ(r)e(r/q) is the Gauss sum. It is well known that |W (χ)| = 1. If χ 2 = χ 0 then χ is a Legendre symbol and W (χ) = 1.
For q small, this is alright. For q large, we use the functional equation which is valid for primitive χ, introduce
and notice that
i e c(χ) .
Description of the computer program
First of all we need to generate the complete set of Dirichlet characters mod q and also to compute their orders and conductors and whether they are primitive or not. To this end we follow the argument in §4 of Davenport [3] : we first generate the characters for any p α | q, paying particular attention to the case when q is an even integer, and then we build by multiplication the characters to the modulus p α 1 p β 2 with p 1 = p 2 and p 1 , p 2 | q. To compute the order and the primitivity of this character we use Proposition 2.1.34 of [1] . The conductor of a character is obtained using the necessary and sufficient condition described in Lemma 2.1.32 of [1] .
In
say. Using (4) and the trivial bound for χ, it is easy to see that
and
In order to ensure that S(q, a) is a good approximation of C(q, a) it is sufficient that Aq, K and M are sufficiently large. Setting Aq = 9600 and K = M = 26 yields the desired 100 correct decimal digits. Now we have to consider the error we are introducing during the evaluation of the Dirichlet L-functions that appear in S(q, a). Notice that in the case involving the Bernoulli numbers we use an exact formula: hence we just need to evaluate the error introduced by the R(T ) term in the Euler-McLaurin summation formula (6) . In fact the Euler-McLaurin summation formula is used in about 1/4 of the total cases but we are now just looking for an upper bound and so we will sum |R(T )| over m ≤ M and k ≤ K.
Assume now that T ≥ 2 is an even integer and q | N. For any non-principal character χ k mod q (6) implies that
and hence we get
where Π denotes the finite products we wrote in the first and second step of §2. Moreover it is clear that
and the total error arising in the computation of the Dirichlet L-functions can be obtained summing the previous estimate over m and k. For T even, trivial estimates and Proposition 9.1.3 of [2] imply that
where f | q is the conductor of χ k and B T is the T -th Bernoulli number. Hence we obtain
The total error arising in the computation of the Dirichlet L-functions is therefore
and collecting the previous estimates, we have that
,
Summing up, the final error we have in computing C(q, a) as C(q, a) is
Practical experimentations for q ∈ {3, . . . , 100} suggested to use different ranges for N and T to reach a precision of at least 100 decimal digits in a reasonable amount of time. Using Aq = 9600, M = K = 26 and recalling that q | N and T is even, our choice is N = (⌊16800/q⌋ + 1)q and T = 88 if q ∈ {3, . . . , 10}, while for q ∈ {90, . . . , 100} we have to use N = (⌊40320/q⌋ + 1)q and T = 204. Intermediate ranges are used for the remaining integers q.
The programs we used to compute the Dirichlet characters mod q and the values of C(q, a) for q ∈ {3, . . . , 100}, 1 ≤ a ≤ q, (a, q) = 1, were written using the Gp scripting language of PARI/Gp; the C program was obtained from the Gp one using the gp2c tool. The actual computations were performed using several LinuX pcs and one Apple MacMini computer for a total amount of computing time equal to 1897.036096 hours = 79.043171 days.
A tiny part of the final results is collected in the following tables. The complete set of results can be downloaded from www.math.unipd.it/ ∼ languasc/MCcomput.html together with the source program in Gp and the results of the verifications of the identities (7) and (8) which are described in the section below.
Verification of consistency
The set of constants C(q, a) satisfies many identities, and we checked our results verifying that these identities hold within a very small error. The basic identities that we exploited are two: the first one is
This can be verified using either the definition (1) or the identity (2), taking into account the fact that primes dividing q do not occur in any of the products P(x; q, a). The other identity is valid whenever we take two moduli q 1 and q 2 with q 1 | q 2 and (a, q 1 ) = 1. In this case we have
where n = q 2 /q 1 . The proof depends on the fact that the residue class a mod q 1 is the union of the classes a + jq 1 mod q 2 , for j ∈ {0, . . . , n − 1}. If q 1 and q 2 have the same set of prime factors the condition (a + jq 1 , q 2 ) = 1 is automatically satisfied, since (a, q 1 ) = 1 by our hypothesis. On the other hand, if q 2 has a prime factor p that q 1 lacks, then there are values of j such that p | (a + jq 1 , q 2 ) and the corresponding value of C(q 2 , a + jq 1 ) in the right hand side of (8) would be undefined. The product at the far right takes into account these primes. To prove (8), let P(x; q, a) be defined by the relation on the far left of (1), without restrictions on q and a. Then, for (a, q 1 ) = 1 and x ≥ q 2 write
say. The primes p ≤ x such that p ≡ a mod q 1 and p ∤ q 2 appear in the product in the right hand side above, since there is exactly one value of j such that p ≡ a + jq 1 mod q 2 and for any such prime it is obvious that (a + jq 1 , q 2 ) = 1. The only primes that are left are those lying in the residue class a mod q 1 and that divide q 2 . Hence Π(x; q 2 , q 1 , a) is exactly the product on the far right of (8). Now (8) follows multiplying by a suitable power of log x and taking the limit as x → +∞.
The validity of (7) was checked immediately at the end of the computation of the constants C(q, a), for a fixed q and for every 1 ≤ a ≤ q with (a, q) = 1 by the same program that computed them. These results were collected in a file and a different program checked that (8) holds within a very small error by building every possible relation of that kind for every q 2 ∈ {3, . . . , 100} and q 1 | q 2 with 1 < q 1 < q 2 . The total number of identities checked is Table 2 : Some numerical results: the first column contains the modulus q, the second the residue class a, the third the computed value of C(q, a) and the fourth is the number of correct decimal digits we obtained. The table shows the values truncated to 40 decimal digits.
